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Abstract-a circular disk containing a concentric arc crack is studied in this paper using dislocation
pile-up and singular integral equation techniques. Related algorithms for computing mode I and
mode II stress intensity factors of the curvilinear crack are obtained. Numerical results for several
loading cases and various crack geometries are also presented.

I. INTRODUCTION

Disk-crack (disk embedded a crack) problems, as a category ofclassic LEFM (linear elastic
fracture mechanics) cases, have been considered by a number of investigators [e.g, Bowie
and Neal (1970); Rooke and Tweed (1972 and 1973a,b); Tweed and Rooke (1972,1973);
Isida (1975); Yaremen (1979); Chang (1983); Xu and Delale (1992); Delale and Xu (1994);
Xu (1994) etc.]. Related algorithms have also been developed for computing the stress
intensity factors of the crack. In all those studies, however, although the crack could be
either an internal one (crack ends do not touch the edge of the disk) or an edge one (one
crack end touches the edge of the disk), the crack geometry is limited to a rectilinear one. As
some supplementary results, a circular disk containing a concentric arc crack is considered in
this paper using dislocation pile-up and singular integral equation techniques. Relevant
algorithms for computing mode I and mode II stress intensity factors of the curvilinear crack
are presented. Numerical results for several loading cases and various crack geometries are
also obtained.

Methodology-wise, Erdogan et al. (1974) have addressed the arbitrarily oriented crack
cases using the singular integral equation method, whereas this paper furnishes some
detailed analysis and treatments of this connection.

2. FORMULATIONS

The general procedures for tackling crack problems with dislocation pile-up and
singular integral equation techniques, as exemplified by Erdogan and Gupta (1972), Delale
and Erdogan (1982), etc., can be summarized as follows:

(1) First, superpose the original case with the uncracked geometry solution to reduce
the problem under consideration to a perturbation case (problem with the same crack
configuration but the only loading is the crack-surface self-equilibrating pressure and shear
stress). As far as the singular nature of the crack is concerned, the perturbation case is the
same as the original one. Next, using the corresponding dislocation solution as a basic
solution or Green's function and by integration, derive a set of Cauchy-type singular
integral equations.

(2) The singularity and the dominant terms of the near-crack-tip stresses can be
determined through an asymptotic analysis of the integrals in the preceding integral equa
tions; therefore, the stress intensity factors of the crack may be formulated in terms of the
solution to the singular integral equation and calculated numerically with a collocation
method to a satisfactory accuracy.

In what follows, a circular disk of radius R containing a concentric arc crack (r = p,
OJ < 0 < O2) is considered. The dislocation solution for the disk-crack problems has been
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obtained by the present author (Xu, 1994) and the major results can be found in the
Appendix.

Following the procedures, the original case is reduced to a perturbation one, the
boundary conditions of which can be written as below:

(I)

(2)

(3)

where p(8) = - (J;t;(p, 8) and q(8) = - r:H(p, 8), (J~ and r:e are radial and shear stresses of
the uncracked geometry solution (the problem with the same load and geometry except
without a crack). If we define

o[uAx,y+)-uAx,r)]
9(X) = ox ' (Xb] < X < xal ), (4)

where Ux and u" are the cartesian coordinate displacements, and x and y are cartesian
coordinates of the point on the crack; y+ and y- denote the point on the upper and lower
edges of the crack, respectively, and Xal and Xb] are the projections of a] and h) (crack
ends) on the x axis (see Fig. I).

By integrating the dislocation solutions and imposing the boundary conditions (2) and
(3), we may arrive at

l
e2 8-rx IIJ 2 n(l +K)

- 9) (rx)ctan-
2

-cos8sinrxdrx+ P9) (x)k2 (8, rx) sin rx drx = p(8),
e, IJ, J1

I
IJ 2 8 - rx (sin 8 + sin rx) 102 n(l + K)

+ 9] (rx)ctan-
2

- 2 sinrxdx+ P9](rx)k4 (8,rx)sinxdrx = q(8),
IJ, e, J1

x

Fig. I. Circular disk containing a concentric arc crack.
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where

fl(a) =f(pcosa), gj(a) =g(pcosa)

and
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(6)

p[2R 6+4p6+8p2R 4+R 7 p4) cos x- p(4R 6+6p4R 2 + p6 - 2p2R 4) cos 0+ '---------'------'------'-----'--._----'----
[R 4+p4 - 2p2R 2cos (x - OW

2R 2(R 2- p2)[pR 6cos (x - 2e) + p7 cos (3x- 2e) - p5 (3R 2+p2) cos (2a - e)]

[R 4+p4 _2p2R 2cos (a-e)]'

_ 2R 2(R 2- p2)[3R 2p3 (R 2+p2) cos a - R 4p(R 2+3p2) cos e]}

[R 4+ p4 _2p2R 2 cos (a-8)1'
(7)

p(4R 6+6p4R 2+p6 _2p2R 4) sin 8- p(2R 6+8p2 R4+p4R 2+4p6) sina
+'---------'-----'----'-------'

[R 4+p4 _2p 2 R 2cos (a-OW

2R 2(R 2- p2)[pR 6sin (a- 2e) - p7 sin (3a- 28) +p5(3R 2 +p2) sin (2x- e)]
----------

[R 4+p4 _2p 2 R 2cos (a-8)1'

_ 2R 2(R 2- p2)[R 4p(R 2+3p2) sin 8-3R 2pJ (R 2 +p2)sin a]}

[R 4+ p4 _ 2p2R 2cos (x -. e)]'
(8)

(9)

k
3
(e a) = {sine-sina _ p3 sine+pR

2
sin(x-2e)

, 2p [R 4+p4_2p2R 2cos(x-e)]

pR4(R 2- p2) sin (a - 2e) +R 2p'(R 2+2p2) sin (2a - e) - p3 R 4sin (3a-2e)

[R 4+p4 _2p2R 2 cos (a-eW

p3(2R 4+p4 _2p2R 2) sin e-3p5R 2sinx

[R 4+p4 _2p2R 2cos (a-OW

2R 2 (R 2- p2)[pR 6 sin (a - 2e) - p 7 sin (3a - 2e) +p5 (3R 2+p2) sin (2a - e)]

[R 4+p4 _2p2R 2cos (a-eW

_ 2R 2(R 2_p2)[R 4p(R 2+3p2) sin 0_3R 2p3(R 2+p2) sinal}

[R 4+ p4 _ 2p2R 2cos (a - e)]'
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pR 4(p2 _ R 2) COS (rx- 2B) + R 2p3 (R 2+2p2) COS (2rx- B) - p3 R 4cos (3rx- 2B)

[R 4+ p4 _2p2R 2cos (rx-BW

p3(2R 4+p4 _2p2R 2) cosB-3p5 R 2cosrx

[R 4+p4 _2p2R 2cos (rx-BW

2R 2(R 2- p2)[ _ pR 6 cos (rx- 2B) - p7 cos (3rx - 2B) + p5 (3R 2+ p2) cos (2et-B)]

[R 4+ p4 _ 2p2R 2cos (rx - BW

_ 2R 2(R 2- p2)[R 4p(R 2+ 3p2) cos B- 3R 2p3 (R 2 + p2) COS rx]}.

[R 4+p4 _2p2R 2COS (et-BW

Introducing the transformation

(10)

hence

rx
t = tan2' (11)

Let

2dt
drx =-

1+ t2 '

B-rx 1+st
ctan~-=--

2 s-t
(12)

P(s) = p(2 tan - IS), Q(s) = q(2 tan-I s)

With some algebra, we may obtain

f
d l n(1 +K)

- 92 (t)K2(s, t) dt = P(s)
'I J1

f
dl 9?(t)(1+S2) ( t S) fd l n(1+K)-. - -- +-- dt- 92 (t)K4(s, t) dt = Q(s),
'I t-s 1+t2 1+s2

'I J1

(13)

where
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(15)

(16)

(17)

(18)

For an embedded crack, due to the single-valuedness of the displacements at the crack
ends, it follows that

r" .f2(t) dt = 0 (19)

and

rg2(t)dt=0. (20)

"

Examining the kernel functions Ki(s, t), i = 1---4, it may be readily found that they are all
bounded at [c I , dd, i.e. they are all Fredholm kernels. Therefore, the only singularities come
from those Cauchy kernel terms. To evaluate the singularities, we assume

(21)

(22)

where

O<Re{ad<l, O<Re{ad<l, O<Re{/3d<l, 0<Re{/32}<1.

F2(t) and G2(t) are continuous functions satisfying F2(c,) #- 0, F2(d,) #- 0, G2(c,) #- 0,
G2(d1) #- O.

Using the Plemeji formula (Muskhelishvili, 1953a), we may expand the integrals in
eqns (13) and (14) as follows:

(23)
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r'" 92(t)(1-S2) dt = nG2 (CI)(1-d)ctan (ct2n ) I

1, t-s (d] -CI)/I, (S-Clt'

(26)

where Fo, F I , Go and G I are sectionally holomorphic functions bounded everywhere, except
possibly at the ends, near which

Ck
Pk < Re {ctd,

Dk
qk < Re {/3d, (k = 0, I)IFk(S) I < , IFk(s) I < ,

(s-cdPk (d, -S)qk

(27)

Hk
hk < Re {ct2},

Sk
Sk < Re {/32}, (k=O,I),IGk(s)1 < , IGk(s)1 < ,

(s-c1)"k (dl -Syk

(28)

where Cb Db Hk and Sk (k = 0, I) are all real numbers.
Substituting eqns (23)-(26) into eqns (13) and (14), rearranging and mutiplying both

sides of the equations by (S-CI)"' or (d] -S)/I, (or (s-c])"' or (dl -s)/l2 ) then taking the
limit at C1 or db we obtain

(29)

(30)

(31)

(32)

The solutions of eqns (29)-(32) yield ctl = ct2 = /31 = /32 = 0.5, which is a known result.

3. STRESS INTENSITY FACTORS

Introducing a coordinate system x*oy* (associated polar coordinates are r*, B*), which
can be obtained by rotating the original coordinate system xoy(r, B) about the z axis through
an angle, e.g. for a consideration of crack end, hi, we may rotate xoy system through Bb as
shown in Fig. 1. Obviously,
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r* = r, 8* = 8-82

O'~(r*, 8*) = O',,(r, 8),

2029

(33)

(34)

where O'~(r*, 8*) and O'rr(r,8) are the radial stress components in the x*Oy* and xOy
systems, respectively. The mode 1 stress intensity factor at the crack end, b" can be
calculated according to the conventional definition as

(35)

or

(36)

or

k, (b I ) = lim
s-dt

(37)

In a similar analysis, we arrive at

(38)

(39)

(40)

4. NUMERICAL PROCEDURES

The singular integral equations (13), (14), (19) and (20) can be solved by a collocation
method. Introducing transformations as below,

(41)

and letting
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nCr) =f2(t), g!(r) = g2(t), P*(y) = pes), Q*(y) = Q (s),

KfCy, r) = K , (s, t), K!(y, r) = K 2(s, t), Kr(y, r) = K 3 (s, t), K!(y, r) = K 4 (s, t), (42)

eqns (13), (14), (19) and (20) become

[ (
dl-CI dl+CI)2J

I I g!(r) 1- -2-1'+ -2-

x LI n(r)Kf(y,r)dr+Ll r-y dr

dt - Cl fl n(1+K)
- -- g!(r)K!(y, r) dr = P*(y) (43)

2 -1 f..I.

(
d,-c , dl-Cl)2]1- --,,+--

2 r 2 d C I

+ . 2 dt+ T f n(t)Kr(y, r) dr

(
d l-CI dl-Cl) ~11+ --y+--

2 2

(-1<}'<1)

Accordingly, we have

d1 -cl f' n(l+K)dr- -2- g!(r)K!(y, r) dr = Q*(y)
_I f..I.

II f!(r) dr = 0

f I g!(r) dr = O.

(44)

(45)

(46)

and

f!(r) = Fr(r) , (-1 < r < 1)
)(1-r2

)

(47)
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The stress intensity factors of the crack can be calculated by

k (b )=-/1-) P ~[(1-dDFf(1)+4d'Gf(1)J.
2 1 1+ K 1+dr v U I - L I 2
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(48)

(49)

(50)

(51)

(52)

Referring to Erdogan and Gupta (1972) and Iaokimidas and Theocaris (1980), eqns (43)
(46) can be discretized into a set of 2N simultaneous algebraic equations,

[
(~ ~)21- 2 T i + 2

(
d1-CI d, +C1)2

1+ 2 Ti + 2

G*( .)[1-(~' ~)2J2 T, 2 y]+ 2

x------------
1 (d,-c, . d1+Cl)2

+ 2 T,+ 2
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II

I A.;F~(T;) = 0
i= 1

n

L: A;Gf(T;) = 0
i= I

(j = 1, 2, ... , n - 1)

(53)

where the weight coefficients I'i are given by

when i = lor n

when i = 2, 3, ... , n - 1

(54)

and Ti and s, satisfy

Tll - 1 (s) = 0, j = 1,2,3, , n - 1

UIl _ 2(T;) =0, i= 1,2,3, ,n-2andT= ±l, (55)

where Tn - 1(x) and Un _ 2 (x) are the Chebyshev polynomials of first and second kinds,
respectively.

5. RESULTS AND DISCUSSIONS

Numerical procedures have been implemented to computerize the stress intensity
factors of the arc crack for several load cases, as follows.

(a) Uniform distributed load, qo, acts on the circumference of the disk, i.e. in eqns
(13) and (14),

p(8) = -qo

q(8) = 0

(b) Disk rotates with constant angular velocity, w,

I +v (p2)p(O) = - -S-dw 2 R2 1- R
2

qeD) = 0

where d is the density, and v is the Poisson's ratio.
(c) Point forces, P, are applid at e = 0 and 8 = n (see Fig. 7),

(8)
2P{ 0 [(R-PCOSO)3 (R+pcos8)3 ]P = - - cos~ 8 . + ----'-----'-------
n [(R - Pcos 8)2 + p2 sin2Or [(R + p cos 8)2 + p2 sin2 f;J]2

• 0 n[ p2 sin2 8(R - p cos 0) p2 sin 2 (R +Pcos 8) ]
+Slll"{} +

[(R - Pcos 0)2 + p2 sin 2 0]2 [(R + p cos tW + p2 sin2 f;J]2

(56)

(57)
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. 2fJ[ psin()(R-pcosfJ)2 psin ()(R+pcos ())2 ]} P
-sm - +-

[(R-pcos())2+p2sin2fJ]2 [(R+pcosfJ)2+p2sin2 ()]2 nR

() 2P {sin2() [p2 sin2 fJ(R-pcose) -(R-pcose)3
q()=---

n 2 [(R-pcose)2+p2sin2e]2

+ p2 sin2 e(R+PcOSe)-(R+PcOse)3]

[(R +p cos e)2 +p2 sin2 ef
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(58)

Normalized stress intensity factors versus the half arc angle lX(e, = -IX, ez = IX), for different
R/p ratios for all the loading cases are obtained and presented in Figs 2-7. Among the
results, Figs 2 and 3 are for the distributed load case, and the normalized stress intensity
factors are defined as

Figs 4 and 7 are for the rotating disk case, and the normalized stress intensity factors are
defined as

k1(ad (k1(b d) and k2(al) (k2(b 1)),

ajP ajP ajP ajP

where it = dw2R Z
; Figs 6 and 7 are for the point forces case, and the stress intensity factors

are normalized as

It may be seen that all those graphs have a similar shape, i.e. they monotonically increase

kl(al)
qoyP
1.4 r-r-......,...,.,,...,.,,.,...,-,-,-,-,-,-,..,...,."T"T"T"T"'T"TT"T"",,TT"T"l

1.2

0.8

0.6

0.4

0.2

• 00

OL...L..L..J...JL..J...JL....l-JW-l...u....L......................-'L.L~.............L...L....L...L....L...L.~.1...J

o 20 40 60 80 100 120 140 160
Crack lengths (half arc angle a in degrees)

Fig. 2. Mode I stress intensity factor of an arc crack in a circular disk subjected to uniform traction.
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k2(al)

qoyP

1.6

1.4

1.2

0.8

0.6

0.4

0.2

o 0 30 60 90 120 150

Crack lengths (half arc angle a in degrees)
Fig. 3. Mode II stress intensity factor of an arc crack in a circular disk subjected to uniform traction.

until they reach a peak value, then monotonically decrease to a small value. This is quite
different from the radial crack case (circular disk having a radial crack), for which [e.g. for
distributed load and rotating disk cases, see Rooke and Tweed (1972), Bowie and Neal
(1970)], the stress intensity factors increase monotonically with the crack length, which
means that once a radial crack propagation coalesces, it will not stop until the disk is
completely ruptured.

As a special case, if R -> 00, the considered case degenerates to an infinite plane
containing an arc crack and the kernel functions in the integral equations (15)-(18) reduce
to

(59)

(60)

o0 20 40 60 80 100 120 140 160
Crack lengths (half arc angle a in degrees)

Fig. 4. Mode I stress intensity factor of an arc crack in a rotating circular disk.
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k2(al)
o.yp (0 = dw2R2)
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Fig. 5. Mode II stress intensity factor of an arc crack in a rotating circular disk.

[
S(I-S

2 l-t2) I( S t)JK (s t) = - - -- +-- + - -- - --
3 , 4 I + S2 1+ t 2 2 1+ S2 1+ t 2

(61)

[ (
s t) 1(1 - S2 1- t2)JK4 (s,t) = s --+-- -- ----- .

1+ S2 I + t2 2 I + S2 I + t2 (62)

For an infinite plane containing an arc crack subjected to uniform biaxial tractions at
infinity, Sih (1973) has obtained explicit formulas for calculating the stress intensity factors.
It may be seen in Table 1, that the present results match the exact solution exceptionally
well.

kl(al)

(PIR).yp

2.5

2
P

1.5

1

0.5

10 20 30 40 50 60 70 80

Crack lengths (ha1h arc angle a in degrees)

Fig. 6. Mode I stress intensity factor of an arc crack in a circular disk subjected to point forces.
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k2(at)
(PfR)fP

2.5 rr'.......,~-r-r...,.,....-r-r-r-r-rr~~="T'~

p2

1.5

0.5

0
0 00 20 14020 40 60 80 1 1

Crack lengths (half arc angle a in degrees)
Fig. 7. Mode II stress intensity factor of an arc crack in a circular disk subjected to point forces.

Table I. Normalized stress intensity factors of an arc crack in an infinite plane subjected to uniform biaxial
traction at infinity

k, (p~) k,(pcc)
r-

qovlPqo"'; p

cc (degrees) Present solution Sih's solution Present solution Sih's solution

10 0.4120 0.4120 0.0360 0.0360
20 0.5591 0.5591 0.0986 0.0986
30 0.6401 0.6401 0.1715 0.1715
40 0.6745 0.6745 0.2455 0.2455
50 0.6730 0.6730 0.3138 0.3138
60 0.6447 0.6447 0.3722 0.3722
70 0.5975 0.5975 0.4184 0.4184
80 0.5379 0.5379 0.4514 0.4514
90 0.4714 0.4714 0.4714 0.4714

100 0.4020 0.4020 0.4791 0.4791
110 0.3327 0.3327 0.4752 0.4752
120 0.2659 0.2659 0.4605 0.4605
130 0.2031 0.2031 0.4355 0.4355
140 0.1456 0.1456 0.4001 0.4001
150 0.0935 0.0947 0.3535 0.3533
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APPENDIX

Dislocation solution
The geometry of the dislocation case is a circular disk (r ~ R) containing an edge dislocation with Burgers

vector (b" bY' 0) at Zo = pe". The disk is free from tractions at r = R and the boundary condition may be written
as,

<T,,+irriJ = 0, r = R, 0 ~ e~ 2n. (A.I)

Using Muskhelishvili's complex variable technique (l953b), the stresses and displacements in a two-dimensional
elasticity case may be represented in terms of two complex potentials, <1J(z) and 'I'(z), as follows,

with

<T,,+<Too = 4 Re{<1J(z)}

<T,,-<Too+2ir,o = 2~[t<1J'(z)+'I'(z)1

<1J(z) = qJ'(z), 'I'(z) = I/I'(z),

(A.2)

(A.3)

(A.4)

(A.5)

where the prime denotes the derivative with respect to z, an overbar represents the complex conjugate and Re{ }
denotes the real part of the expression in parentheses; K = 3-4v for plane strain and K = (3 - v)/(I + v) for the
plane stress, with v being the Possion's ratio and fJ. the shear modulus.

Combining eqns (A.2) and (A.3), then taking the complex conjugate yields

(A.6)

Due to the existence of the edge dislocation in the disk, the complex potentials are constructed in the following
forms:

<1J(z) = <1Jo(z)+<1J,(z)

'I'(z) = 'I'o(z)+ 'I' I (z),

(A.7)

(A.8)

where <1Jo(z) and 'I'o(z) are the stress functions for an edge dislocation with Burgers vector (bn b,., 0) embedded at
Zo = pe'" in an infinite plane, which are known as (Muskhelishvili, 1953b),

A
<1Jo(z) = -- (A.9)

Z-Zo

where

A Azo'I'o(z) = -- + ---,
Z-Zo (z-zo)'

(A. 10)
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A = J1(b,-ib,).
n(1+K) , (A.ll)

lP, (z) and 'P, (z) are non-singular parts of the potentials, and are to be determined in such a way that the boundary
conditions can be satisfied.

Combining eqns (A.6), (A.7), (A.8), (A.9) and (A.IO), we may obtain

-- R'-- R'--
lP,(I)+lP,(t)- -lP',(t)- -'P,(t) = q(I), 1= Re il

', 0 « 8 « 2n
I I'

where

A AI AR'I AR' AR'zo
q(t) = ----~~- + +-----

I-Zo R' -Zol (R' -zol)' I(R' -zol) (R' -zol)'

We may extend lP, (z) to the outside of the disk by defining

or equivalently,

_ (R') R' _ (R') R' _ (R')tlP,(z) = -<D, -;- +-;-lP; -;- + z' 'P, -;-

For eqn (A.14), we may also write

R' R' R' _ (R')'P,(z) = -lP,(z)- -lP',(z)+ -lP, - ,
Z2 Z Z2 Z

(A.12)

(A.l3)

(A.l4)

(A.l5)

(A.16)

Since lP,(z) and 'P,(z) are holomorphic in the disk domain, from the definition in eqn (A.15),lP,(z) should also
be holomorphic outside the disk, including at infinity, where its principal part is a complex constant.

Combining eqns (A.6), and (A.16), and imposing the boundary condition (A.12), it follows that

lP;t(t)-lP,(t)=q(t), 1= ReiO
, 0«8«2n, (A.17)

where" +" and" -" denote approach to the boundary, r = R, from outside and inside the circle, respectively.
The solution to eqn (A. 17) can be found using the Plemelj formula (Muskhelishvili, 1953a), i.e.

It turns out that

{
~ + AZ;; AR' (~' -zo)+c" (ZESint )

lP,(z) = zOA R'~ZOZ (R'-zoz)" Zo

-- - - +c" (ZES"t),
Z-Zo Z

(A.18)

(A.l9)

where c, is a complex constant. Substituting eqn (A.19) into (A.16) and using the fact that 'P,(z) is holomorphic
in the disk domain, we may obtain

{}
J1(b,p cos rt - b,p sin rt)

Re c, = - .

n(1 +K)R'
(A.20)

Since the complex potentiallP, (z) can differ in the imaginary number without causing any change in the stresses,
we may simply let the imaginary part of (', be zero.

Substituting eqn (A.19) into eqn (A.16) yields 'P,(z) as below:

(A.21)

With the complex potentials given in eqns (A.9), (A.IO), (A.19) and (A.21), the stresses can be readily obtained
from eqns (A.2) and (A.3). Some of the results are given in eqns (A.22)-(A.27) as below, and the displacements
may then be obtained using the constitutive and kinematic relationships.

t fez) = Jez); to obtainJeR' /z), simply write R' jz for z in functionf(z).



A concentric arc crack in a circular disk

(a) h, oF 0, b, = 0,

_~ {2P sinx ~ r sin 0 + p sin (x - 28) _-_2~p_R_'-.:.-si_n-.:.-IX---.:+_r!:--p_2 _sin_O_--,--p_R_'_si_n--,-(IX_-_20-,-)
~~~- . +

n(l +K) r'+p'-2rpcos(O-IX) R4+r'p2-2R'rpcos (8-rx)

3rp' sin (21X - 0) - 3pr' sin Ci - p3 sin (31X - 20) + r3sin 0 2p sin IX- +--
V+p'~2rpcos(8-rx)]' R'

R4p(R' _ p' -2r') sin (IX- 20) ~ R' rp'(4r' + 5R2 + 2p') sin (21X-8)

[R4+r'p' -2rpR' cos (O-IXW

R'p3 (2r' + R') sin (31X-20) + p(2R6 +2r4p' +8r'R 4+r2 p' R2+ 2r'p4) sin IX

[R4+r'p2 -2rpR' cos (O-IX)]'

r(4R" +4p'r' R' + p4 r' -2p' R4+ 2p4R') sin 0+ -'---'------- ---'----'---------'---'--
[R4+r2p' -2rpR2 cos (O-IX)]'

2R'(R' - p')[pR" sin (IX -20) _r4p' sin (3rx-20) + r3p'(3R2 + (2) sin (21X -0)]

[R4+ r' p' -2rpR2 cos (0-1X)]3

_ 2R'(R' - p')[R4r(3p' + R') sin 0-3R' pr'(R' + p') sin IX]}

[R4+ r' p' - 2rpR' cos (0~1X)]3

fIb, {rcosO-PCOS(rx-28) pR'cos(IX-20)-rp'cosO
T,o(r,O) = --- + -'------'---'---'----

n(l + K) r' + p' - 2rp cos (O-IX) R4+1" p' -2R'rp cos (O-rx)

r' cos 0 + 3rp' cos (21X - 0) - 3pr' cos IX - p' cos (31X - 20)
+------'----'----'-'---------'-----'----'-

[I" + p' -2rp cos (0- rx)]'

R4pep' - R') cos (IX -2(1) + R2rp'(R' + 2p') cos (21X-0)

[R4+ 1" p' -2rpR' cos (O-rx)]'

- p3 R4 cos (31X _ 211) + rp' (r' p' + 2R4- 2R' p') cos 0 - 31" R' p3 cos IX

[R 4 + 1" p' -2rpR' cos (11- rx)]'

2R'(R' - p')[ - pR" cos (IX -211) - r4p1cos (31X -211) + r3p'(3R' + p') cos (21X-1I)]

[R4+1" p' -2rpR' cos (II-IX)]'

_ 2R2(R' - p')[R4r(3p' + R') cos 11-3R'pr'(R' + p') cos IX]},

[R4+r'p'-2rpR' cos (O-IX)]1

(b) b, = 0, b, oF 0,

( O
. _~{rCoSO-2PCOSIX+PCOS(IX-20)

(J" r, )-
n(l+K) r'+p'-2rpcos(II-IX)

3pr' cos rx - 1'3 cos 0- 3p' r cos (21X - 0) + p3 cos (31X - 20)

[I" + p' -2rp cos (8-,rx)]'

2pR 2 cos IX - p'rcos 11- pR' cos (IX- 20) 2pcosIX
+-'------'--------'-----'----'-

R4+r'p'-2R'rpcos(O-IX) R'

pR4(p' - R' + 2r') cos (rx -20) - R'rp'(4r' + 5R' +2p') cos (21X-0)
+'-------'-------'---'---'----'---'--------'-'---'----'-

[R4+ 1" p' -2rpR2cos (O-IX)]'

R' p3 (21" + R') cos (31X - 20) + p(2R6 + 21'4 p2 + 81" R4+ 1" p' R 2+ 21" p4) cos rx
+-'---------'---'------'-----'--'-----'-------'--------'--'----

[R4+r'p' - 2rpR2cos (O-IX)]'

r(4R" +4p'r' R' + p4r' - 2p' R 4 + 2p4R 2) cos II

[R4+ 1" p' -2rpR' cos (0-1X)]3

2R'(R' - (2)[pR 6 cos (IX -20) + r4 p1cos (31X -20) - r3p'(3R' + p2) cos (21X-1I)]

[R4+ r' p' -2rpR' cos (O-IX)]3

2R4r(R' - p')[3pr(R' + p') cos IX- R'(3p' + R') cos II]}

[R4+1" p' - 2rpR2cos (II-IX)]'
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(A.22)

(A.23)

(A.24)
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O
_~ { r sin 0 + p sin (0: - 20)

r'/I(r, )-
n(l+K) r2+p2-2rpcos(0-0:)

pR2 sin (0:-20) + rp 2sinO

R 4 + r2p2 - 2R2rp cos (0 - 0:)

rJ sin 0+3rp2 sin (20: -0) -3pr2sin 0:- pJ sin (30:-20)
+------'-----------'-------'-------'----~

[r2+ p2 -2rp cos (8-:x)F

R 'p(R' - p2) sin (0:-20) + R 2rp 2(R2+2p2) sin (20:-8)

[R4 +r2p2-2rpR' cos (0-0:)]'

- pJ R 4 sin (3:x-28) + rp'(r2p' +2R4 -2R' p') sin 0- 3r' R 2pJ sino:

[R4 +r'p2 -2rpR2cos (8-0:)]'

2R' (R' - p2)[PR6 sin (:x - 28) - r4 pJ sin (30: - 28) +r Jp2 (3R' + p') sin (20: - O)l

[R4 +r' p' - 2rpR' cos (0 - 0:)F

_ 2R4r(R' _p2)[R2(3 p2+ R 2
) sin 8-3pr(R 2 + p') sin :Xl}.

[R4 +r2 p2 - 2rpR2cos (8 - 0:)F
(A.25)


